T h e d e n s i t y d i s t r i b u t i o n o f e x t e n s i v e a i r s h o w e r s
(a) Method of determination % W rite (Fx, F2, ...) for the rate of coincidences between a num ber of counter tr areas Fv F2, .... I f the trays do not overlap and if their separation does not exc a few metres, then the rate of coincidences due to air showers can be expressed according to Daudin and others in term s of the density spectrum C(x) as follows:
(F"F" •■•)= P°( l ( 1 -* -'• * ) . . . dC (x) .
(1)
In particular, assuming 0(x) = Bx~f,
w efind -y -B l ( l -e -n * ) ( l -« -^« ) . . . _ .
* Now at the Dublin Institute for Advanced Studies.
I t was observed by various authors th at from (3) the following relation can be derlV6d: (a t \,<x F2, ...) = a?(Fl t Ft , ...). Thus changing the areas of all counter trays by the same factor a leads to a change of the counting rate by a factor a?.
Cocconi and co-workers observed the rate of threefold coincidences between three equal trays F. They found that within wide limits the counting rate varied as the l*5th power of the areas F. I t was thus concluded th at the density spectrum is in fact given by an expression of the type (2), and it was concluded th at the exponent of the spectrum is about y -1*5. The actual v found to depend on the height a t which the observations were carried out.
Similar results were obtained by Daudin (1942 Daudin ( , 1943 and by Clay (1943) .
(6) Penetrating particles I t was found by Auger and by many others th at the rate of shower coincidences decreases very strongly when the counter trays are shielded by thick absorbers of lead. These observations show th at extensive showers contain mostly soft particles together with a few penetrating ones.
The density spectrum of penetrating particles in an air shower might be deter mined from observations with shielded .trays making use of the equation (1). Such measurements were carried out by Auger & Daudin (1945) , however, the absorbers used by Daudin were not thick enough to eliminate electrons and photons completely. The only measurements with thick absorbers available are those of Cocconi and his co-workers. Threefold coincidences were observed, and it was found th at an increase of the counting areas from 129 to 258 cm.2 resulted in an increase of the triple coincidence rate by a factor of 2-0 ± 0-5. If this increase is to be interpreted in terms of a power spectrum of the type (2), we find for the exponent yp corresponding to the spectrum of the penetrating particles yp = log (2*0 ± 0-5)/log (258/129) = 1*0 ± 0-30.
The above value is rather inaccurate, and it is compatible with the assumption th at y = yp~ 1-5.
If we assume (6) to be correct, then we are led to assume that the penetrating particles in a region of density x have a density kx, with k = constant. The value of k can be determined from the ratio of coincidences with and without absorber over the counter trays. Cocconi found th at the rate of threefold coin cidences decreased by a factor 1/300 when the trays were shielded. From this observation one may conclude 1/yfc = 300^ =-45.
The measurements of Cocconi do not prove that k is constant. This assumption is, however, strongly supported by cloud-chamber evidence obtained by Miss B. Choudhuri (unpublished) , and on the strength of this evidence we shall assume in the following that k is constant or depends only slightly on the density x.
The origin of the penetrating particles
We have supposed in the preceding section that the penetrating particles form a fraction k of the incident shower particles. As was pointed out to us by Dr B retti, an alternative assumption can be made. The penetrating particles may be assumed to be produced locally, i.e. they might be produced by incident particles in the absorbers shielding the counter trays. If the penetrating particles are, indeed, produced in the local absorbers, then the fraction k must be interpreted as the probability that an incident particle will give rise to penetrating particles before being absorbed by other processes. There is no final evidence available as to the true origin of the penetrating particles, and therefore we shall distinguish in the following between the main possible hypotheses: (see figures 1 a, 6,c) Hypothesis A . The penetrating particles are produced in the air above the apparatus. The fraction of penetrating particles in any sample of shower particles is k.
Hypothesis B. The penetrating particles are mainly produced in the local absorbers covering the counter trays. The probability th at an incident particle will give rise to penetrating particles is k.
The hypothesis B admits further two alternatives which have to be considered separately in connexion with the experimental findings. Namely, Hypothesis B v The penetrating particles are produced by electrons (or photons) in the local absorbers.
Hypothesis B 2. The penetrating particles are not produced directly by the elec trons or photons of the main showers but are produced through an intermediate link.
The most important possibility, the only one which will be considered in the following, is th at the link consists of fast nucleons.* Thus hypothesis B2 assumes th at the main shower gives rise to secondary nucleons and th at these nucleons falling on local absorbers give rise to penetrating particles.
The
Z dependence of Experimental evidence has been brought forward showing th at the value of k remains the same whether the counters are shielded with lead only or whether they are shielded with a layer of light material placed above a lead shield (Cocconi & Festa 1947; Mura, Salvini & Tagliaferri 1947 ;* and see also II). This experimental result has different interpretations, according to which of the hypotheses A, Bx or B2 is assumed to be valid.
According to hypothesis A the particles are not produced in the local absorber, which serves merely to prevent soft particles from reaching the shielded counters. The composition of this absorber is therefore unimportant. The experimental result, showing no change of the coincidence rate for different absorbers, can be readily understood under hypothesis A.
Similarly the experimental result can be understood when hypothesis B2 is assumed to be valid. If the absorber is sufficiently thick, then every nucleon will give rise to mesons and thus penetrating particles will appear whenever nucleons are incident from the air. No dependence on the composition of the absorber is to be expected.
Hypothesis Bx has to be interpreted in view of the experimental findings as showing th at the cross-section for the production of penetrating particles by electrons or photons increases more rapidly than the atomic number A when different absorbers are compared. In particular, a cross-section proportional to (per nucleus) could well account for the observed results. The detailed discussion of this case was given in paper II.
Discussion of the experimental results of paper II
Coincidences were observed with the penetrating shower set P and an extension. Experiments were carried out with an unshielded extension E and also with a shielded extension 8.
The set P , described in more detail in paper II, contained two heavily shielded trays m and 6, both subdivided into two trays, and an unshielded top tray t sub divided into three trays (see figure 2). Coincidences (P) involved the discharges of at least seven counters: three out of t and two each out of m and b. At least two penetrating particles are needed in general for producing a coincidence (P). A single penetrating particle can only discharge the two shielded trays provided it happens to give rise to two independent secondaries over the trays m and 6. The probability th at a meson gives rise to such a double knock on shower was determined by Janossy (1942) to be of the order of 1/4000 per incident meson.
Considering coincidences (P) it is necessary to distinguish whether or not an absorber T is placed above t. In the absence of such an absorber at least three * [Note added in proof.'] The experim ental findings were originally interpreted in a slightly different way by th e authors. Professor Salvini in a private com m unication pointed out th a t he and his colleagues are now inclined to ado p t th e interpretation given here. particles incident from the air are required so as to discharge the subtrays of (see figure 3 ). In the presence of an absorber T one incident particle and its secondaries can discharge (P) (see figure 2a) . For instance, a single meson giving rise to a triple knock-on can cause a coincidence (P). The probability for such a coincidence was shown to be 5 x 10~6 per meson. 
(a)
The bias introduced by the set P on the density spectrum
The rate of coincidences (P, E )with different unshield recorded. The measurements were carried out with absorbers T from 2 to 10 cm. Pb over t. The following relation was found:
Measurements were carried out with E -01, 0 probably holds down to areas much less than 0-1 m2., as is indicated by cloud-chamber observations of Miss B. Choudhuri.
Equation (8) is interpreted as follows. The set P introduces a bias upon the density spectrum of the incident showers. We write P(x) for the probability th at a shower of density x is recorded by P. The effective density spectrum falling on E is thus given by dX)(x) = P(x).dC(z).
The rate of coincidences (P, E) is thus given by f 00
From (8) and (10) we find
and further with help of (9) we obtain for the biased spectrum
The spectrum D(x) cannot be assumed to obey (12) up to arbitrarily high densities, as such a spectrum would contain an infinite number of particles in the high-density region. From the experimental material (11) and (12) must be assumed to hold only up to densities x0 = 1 /E0, where E0 is the lower limit of the validity of the obser relation (8).
(6) The physical interpretation of P(x) The result th at P ( x) is proportional to the density x is rather remarkable, an leads to the following consideration.
We infer from equation (12) th at most of the coincidences (P, E) are caused by showers of low density, in spite of the bias introduced by P. The collecting area U of P is U = 0*1 m.2, while the validity of (12) has been ascertained to densities much less than 1/U = 10 particles per m.2. Indeed, in paper II we have reported a notice able increase of the coincidence rate (P, E) while E was increased from 0-25 to 0-35 m.2. This increase must be due to showers with densities of about 3 or 4 particles (or even less) per m.2. Such showers have on average less than one particle falling on P. Thus P(x) appears to be proportional to the probability th at one particle falls on P.
An assumption to the effect th at P is set off in general by more than one particle incident from the air can be ruled out, as we show in the following.
Assuming that the density of penetrating particles is given by kx, we find for the probability of two or more particles falling on the area U
Introducing (11a) [instead of (11)] into (10) we obtain an expression of the following typG (P ,P)ocl-f(fcP/P)°-5+ ...;
it is thus found that for large values of E, (P, E) should according to (8a) become roughly independent of E. This is not the case, as can be seen from the fact that (8) was verified up to large values of E. In particular, the noticeable increase of the coincidence rate when E was increased from 0*25 to 0*35 m.2 excludes the validity of (8a) and thus excludes the possibility of a bias of the type (11a). It must be concluded therefore that the set P is set off by the effects of incident particle and not by the combined effects of two or more particles.
We reject a possible criticism of the above argument in the following: I t was pointed out to us by Dr D. J. Montgomery, th at our discussion depends essentially on the assumption k = const. If we were to ass
then the expression (11a) for P2(x) would in the region of small densities be pro portional to x and not to x2 . Thus assuming (13), the observed r compatible with the assumption to the effect th at P is usually set off by two in dependent particles coming from the air.
The relation (13) is, however, incompatible with the observations of Cocconi described in § I (6) of this paper and is also incompatible with the observations of Miss Choudhuri. Indeed, if equation (13) were assumed to be valid, then the three fold coincidence rate between three shielded trays would be given by
and thus doubling the value of F should produce an increase of the coincidence rate by a factor 8. The observed increase by a factor of 2-0 + 0-5 is thus incompatible with the equation (14) and is therefore incompatible with the equation (13). We have therefore to maintain the conclusion arrived at above to the effect th at the set P is discharged, as a rule, by the effects of a single incident particle coming from the air.
(c) The mechanism of the coincidences (P)
The fact th at P is in general set off by the effects of one particle has different implications according to which of the hypotheses A, Bx or B2 is valid. We discuss the three possibilities separately.
A. In this case P is supposed to be set off by the effects of a single penetrating particle coming from the air (figure 2a). P could only be discharged by means of a triple knock-on shower. Mesons do not give rise to sufficient numbers of triple knock-on's to account for the observed coincidences.
Bj. In this case we must assume that electrons (or photons) are capable of producing penetrating groups (see figure 26) . The probability of an electron (or photon) giving rise to such a group before being absorbed must be at least of the order of k. The cross-section of this process must be assumed to vary approximately with Z2. B2. If we assume that the extensive shower contains an admixture of fast nucleons, then these nucleons would give rise to groups of mesons in T (see paper I) as shown in figure 26.
Whichever of the three possibilities corresponds to the actual facts the function P(x) must be assumed to be given by
where /? is a factor depending on the geometry of P I t represents the probability th at the penetrating particles once emitted are capable of discharging the various trays of P The probability that a shielded tray of area S is discharged by a shower of density * is of course P(*) = 1 (15a)
For the simple tray S the factor /? can be taken to be unity. The expression (15) is proportional to x for densities ~ 1000 particles per m.2, and shows saturation for larger densities.
(d) Determination of k from the data of paper I I
Comparing the coincidence rate (P, E) obtained with the unshielded extension E with the rate of coincidences (P, S) obtained with the shielded tray S we obtain an independent determination of k.
The relevant observations were carried out without absorbers T above the set P. In the absence of an absorber T three incident particles are needed to set off' P as shown in figures 3 a and 36. The shielded trays, however, are set off by the effects of one incident particle only (see figures 3a and 36).
The particle giving rise to the penetrating particles may be non-ionizing (e.g. a photon), in which case at least three soft particles are needed to set off the trays t ( figure 3a) . If, alternatively, the penetrating particles are produced by an ionizing primary, then the primary itself will discharge one of the subtrays of t, and only two additional soft particles are needed for setting off P (figure 36).
We discuss these cases quantitatively as follows:
(1) Assume that the penetrating particles se P are produced by photons or some other non-ionizing agency below the unshielded tray t. The probability of the unshielded trays being set off is given bv
where t = is the area of one of the subtrays of t. The probability of a particle falling on Ei s 1 -e~Ex, while the probability that the shielded trays m and 6 are set off by a penetrating group is given by (15); ( ihas to be chose the geometry of two trays. The three probabilities are independent; thus the rate of coincidences (P, E)0 (the suffix 0 is used to indicate 0) is obtained as r °° dx (P,E)t = fiyB \ (1-e-'*)3(l -
( 1 7 ) (2) Alternatively, if we assume that the penetrating group is produced by an ionizing particle, (this alternative also includes hypothesis A), then the probabilities (15) and (16) cease to be independent. As the result of a short calculation we find in this case , {P,E)0 = p B y \ {(1 -e-**)3 -(e_fcte -e_te)3} (1 -
for (18) can be replaced in good approximation by r 0°( P ,P )0 = /?yB jo ( l -e-te)2( l -e-^) ( i _ e -^) -.
Integrals of the type (17), (18) and (18a) can be evaluated easily as shown in appendix 1. Referring to this appendix, note th at the factor 1-under the integrals hardly affects the numerical value of the integral and it can be omitted. Physically, this means that the subtrays of t produce a low-density cut-off of the spectrum at about 1/t -30 particles per m.2, and therefore the tray for all effective densities. (Note th at no such cut-off occurs in the presence of an absorber T; see, for example, figure 26).
Coincidences (P, S) with T = 0. The rate of coincidences (P in a similar way. Remembering th at U = S ,w e get f 00 d r (P ,S )0 = r^J f| ( l -e -^V l -e -* ) *^.
The above equation refers to the case illustrated in figure 3 a, of penetrating par ticles produced by non-ionizing primaries. A similar expression can be obtained for the case of penetrating particles produced by ionizing primaries. Determination of 1c. The integrals (17) to (19) can be developed in powers of k. Using the expressions given in appendix 1 we find thus from (17) for y = 1-5
The expression in the square brackets refers to the assumption th at the pene trating particles are formed by non-ionizing agents. If they are produced by ionizing agents then the expression in the square brackets should read
The corresponding expression referring to penetrating particles produced by ionizing agents is obtained by replacing the square brackets by
The observed ratio (P, E)0/(P, S)0 taken from paper II is found to be (P, E)0/(P, S)0 = 4-2 + 0*4 (observations with d = 2*5 and 9 m.).
The calculated ratio depends on the value of k. We have plotted this ratio in figure 4 . Two curves are shown: curve 1 is obtained from (20) and (21), while curve 2 is obtained from (20a) and (21a). The observed value of the ratio, together with its standard deviation, is also shown in figure 4 . From the intersections we find f 62 ± 15 (assumption of non-ionizing primaries),
144+10 (assumption of ionizing primaries).
If we take the most likely assumption, namely, th at the primaries are mixed ionizing and non-ionizing, then we can assume 1 to lie in between the two values given in (23), and thus a value of about 50 is indicated. The above value is in agree ment with Cocconi's value quoted in equation (6).
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(e) Remark on the coincidences (P, 81} S2)
Coincidences (P, S2) require two particles emerging out of the shield above the tray S. From the previous discussion it appears likely th at these two particles are in general not two penetrating particles both incident from the air, but two particles arising from a common primary falling on the absorber. (The common primary might be one of the particles themselves.)
The assumption th at the coincidences (P, Sv S2) are not caused by independent penetrating particles as illustrated in figure 5 but are due to connected groups as shown in figure 56 is supported by the observed coincidence rates, as can be shown in the following way.
The rate of coincidences caused by pairs of independent penetrating particles (figure 5a) is given by the following expression:
f 00 d r (-P, S" S2)0 = r/JB j 4 (1 -e-W )* (1 -e -*^) (1 -«-*»)» .
Vol. 192. A.
Developing this integral in powers of
k, we find 0-277 <Jn Bj3(kU)1,5 + terms in and higher.
From (25) and (21) we find using the value of k given in (23), r3 -9 calculated for independent pene (P,S)0I(P,SV S2)0 = { , , TT (2-3 ± 0-34 observed, paper II.
D. Broadbent and L. Janossy independent penetratin g particles connected p en etrating particles

Figube 5. Coincidences (Sly S 2).
The observed ratio is significantly smaller than the ratio calculated for indepen dent penetrating particles. We have to conclude, therefore, th at only a fraction of the coincidences (P, Sv S2) is due to the incidence of independent particles, while the rest is due to groups of particles as shown in figure 56 .
We note th at the leading terms in both (21) and (25) depend on the same power of k, therefore the ratio of the two expressions does not depend critically upon the numerical value of k. Hence the comparatively large uncertainty of k does not affect the validity of the above argument.
The nature of the penetrating particles
I t remains to discuss the probable nature of the penetrating particles. As the only penetrating particles known among cosmic rays are mesons, we have to investigate whether the penetrating particles observed can be assumed to be mesons. The discussion must be carried out in three parts corresponding to the three possible hypotheses A, B1} B2.
Hypothesis A . The penetrating particles are supposed to come from the air above. The set P was shown to be discharged as a rule by the effects of a single particle. A single meson could set off P only by means of a triple knock-on (see figure 2a) . The probability th at an ordinary meson gives rise to a triple knock-on was shown to be of the order of 5 x 10~6 (Janossy 1942). This probability is too small to account for the observations. Thus the hypothesis A must be ruled out unless it is assumed th at the penetrating particles observed are different from ordinary mesons.
Hypothesis B v I t is assumed th a t the penetrating particles are produced by electrons or photons. The penetrating particles were shown to occur in groups (see figures 3 a ,6); thus if the penetrating particles observed are mesons, we have to assume th at a t least the fcth fraction of all electrons (i.e. l/50th) of a shower give rise to mesons before being absorbed in the ordinary way.
Not all electrons can be assumed to be capable of producing such groups. The tray S was shielded by 15 cm. of lead. A minimum energy of 5 x 108 eV is thus necessary to produce two mesons each having a range of 15cm. of lead. I t must be assumed th at only a fraction of all electrons have energies above this limit. Thus the pro bability of producing mesons must be taken to be more than 1/50 per electron if only electrons of sufficiently high energy are taken into consideration.
Hypothesis Bx thus can only be valid if electrons or photons have a probability of a few per cent of producing a group of mesons before being absorbed. Such a large probability for meson production is exceedingly unlikely on general grounds. In particular, such a process would necessarily have a reverse process in which mesons would give rise to electrons or photons. There is, however, good experimental evidence th a t the numbers of meson secondaries, particularly in the low-energy region, does not exceed the numbers expected from the current theories. The exist ence of a reverse process can thus be excluded on experimental grounds. Hypothesis Bx does not seem compatible with the assumption th a t the observed penetrating particles are ordinary mesons.
I t is interesting to note th at the cross-section for the production of penetrating particles in air showers is of the same order as predicted for the production of longitudinal mesons by Hamilton & Peng (1944) . I t was pointed out to us by Dr Peng th at this large cross-section arises because the radiation damping for the emission of longitudinal mesons by photons which have no longitudinal component themselves sets in only at high energies.
We note th at the emission of longitudinal mesons by photons has its reverse process, namely, the absorption of a longitudinal meson in the presence of a nucleon with the emission of a photon. This reverse process has a cross-section of the same order of magnitude as the cross-section for the emission of longitudinal mesons; hence, longitudinal mesons, if they exist at all, could be clearly distinguished by experiment from ordinary mesons.
Though the suggestion to the effect that the penetrating particles in air showers are longitudinal mesons may be tempting, such a hypothesis could not account in a simple way for the observed Z dependence of the pro particles.
The large cross-section for the production of the penetrating particles and also the observations suggesting a Z 2 dependence of the cross-section of their production could be both accounted for if a particle of a mass of about ten times th at of the electron was postulated.
Hypothesis B 2. While the two preceding hypotheses seem to be incompatible with the assumption that the observed penetrating particles are mesons, the hypothesis B2 implies that the particles are mesons. If fast nucleons occur in air showers they are bound to produce groups of mesons when falling on the local absorbers of the apparatus (see paper I). We think, however, that we can rule out hypothesis B2 on experimental grounds.
First, if the penetrating particles were produced by nucleons, then a transition effect of extensive showers in paraffin, similar to the transition effect of the local penetrating showers, should occur. In paper I it was shown th at while the local penetrating showers show a marked transition effect, the extensive showers show no noticeable paraffin transition.
We have calculated in appendix 2 the magnitude of the paraffin transition effect in terms of hypothesis B2, making use of the observed transition effect of the local showers. A discrepancy between the effect calculated in terms of hypothesis B2 and the observed coincidence rates was found. Although the discrepancy between the calculated paraffin effect and the observations is statistically significant, we note th at the actual calculation is complicated, and therefore additional evidence against hypothesis B2 is desirable. Such evidence is obtained from the following argument.
We suppose for the sake of argument the validity of hypothesis B2. We note th a t the nucleons will produce mesons not only in the local absorbers but also in the air. Every nucleon when absorbed in the air will give rise to several mesons. The ranges of the mesons will be greater than those of the nucleons. Hence we expect in any cross-section through the shower to find more mesons than nucleons. The mesons will spread out, and considering a small area we have to expect on this a single incident meson with a probability much larger than a single incident nucleon. We have shown, however, that the experimental results are incompatible with the assumption of single penetrating particles.
Thus hypothesis B2 can be ruled out on the grounds th at it leads one to expect single incident penetrating particles rather than groups of penetrating particles.
. C o n c l u s i o n s
Summarizing, we are led to conclude th at the hypothesis A can be excluded on purely experimental grounds, unless the existence of a penetrating particle with properties essentially different from a meson is to be postulated. It would be neces sary to assume a particle that is capable of producing secondaries at a rate exceeding that observed for mesons.
Hypothesis B2 would account for the penetrating particles observed in the extensive showers in terms of mesons, but this hypothesis leads to contradiction with experimental findings. In particular, hypothesis B2 leads one to expect a transition effect of extensive showers in paraffin, while no such effect was observed. Further, according to this hypothesis most of the penetrating particles should arrive singly upon the apparatus, while there is experimental evidence th a t the apparatus is, as a rule, set off by penetrating groups.
Hypothesis Bx leads us to expect that the observed penetrating particles are produced by the soft component, mainly when incident on local absorbers. The penetrating particles are produced in groups with a cross-section proportional to Z2 or a t any rate proportional to Z a with a > 1. The cross-section itself amounts to a few per cent of th at for pair production or bremsstrahlung.
Although nothing is known about the behaviour of the particles produced in this process, it seems unlikely on general grounds th at electrons or photons should be capable of giving rise to mesons in this fashion. If electrons or photons were to give rise to mesons with such a large cross-section, one would be led to expect a strong interaction between electrons and mesons, and this interaction should manifest itself giving rise to a reverse process.
The absence of a reverse process for ordinary mesons makes it unlikely that the particles produced in the shower are mesons.
We are greatly indebted to Dr B. Ferretti and Dr J. G. Wilson for valuable discussion. We are also indebted to Miss B. Choudhuri for communicating un published results.
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A p p e n d i x 1
In this paper use was made of integrals of the type (see also Auger & Daudin (1945) )
and n > y > 0.
We shall assume that y is not an integer, and further denote by m the integer defined by _ . . . Developing E(x) in powers of x, we find that the series starts with the nth power of x. Thus E(x)/xv+1 can be integrated down to zero. For high values of x, E(x) tends to unity, and the integrand vanishes sufficiently rapidly to make the integral con verge.
Multiplying out the brackets in (ii) we obtain an expression of the following type for E (x) E(x) = l ± e~aix ± e-**x + "
where ax, a 2, ... are the sums of the various combinations of Fv F2, ..., and the signs have to be chosen suitably. Developing the exponentials in (v) into power series, the coefficients of all powers less than the nth are zero, and hence introducing the function* /(*) = we can write, instead of (v), x x 2 xm~x e~ ~1 + T r 2 ! + _ " (^T j ! ' M odem A nalysis, p. 243 (Cambridge, 1940) .
(vi) is correct, as the series for f(avx) does not differ from with exponents $s m and also the functions f(x) contain no terms of the power (m -1) or less.
We note that the integral dx exists, and as can be shown by m-fold integrations by parts, we have
-a r ( -y ) ! .
From (v), (vi) and (vii) we see th at the integral (i) can be evaluated in a formal way by splitting E(x) into single exponentials and replacing the (non-existent) integrals
by -ar ( -y)!j while the integral arising from the constant term in (v) must be dropped.
In the above way integrals of the type (i) can be evaluated easily. We give a few examples: No difficulty is experienced in evaluating such integrals, if all the quantities F are equal or nearly so, but for very large values of n the number of terms is large and the evaluation becomes cumbersome. For sufficiently large n, however,
can be replaced with good approximation by a step function. Thus for * < } t t > C00 doc and we find y l (1 -e-2?,x)n^^~( l o g (viii)
Difficulties arise, however, if the F values are greatly different, for in such cases it is found th at the single terms contributing to the integral are very large, but they cancel almost exactly and evaluation again becomes very cumbersome.
Such cases can be dealt with as follows. Suppose
The integral arising can be split into integrals of the type (These integrals do not exist if j < correct result, as was shown above.) We may thus put, for 0,
The right-hand expression is exactly the wth difference of v?. If a is small com pared with 1, no great error is involved by replacing the difference by the corre sponding differential, and thus we have approximately Both integrals on the right-hand side of (xiii) should be evaluated in a formal way as described above.
We give two examples which were used in the text. We have with the help of (xiii)
Neglecting terms proportional t o / 1'5 and of higher order we have thus I J 7 f1 -e_/*) <1 -e~F*) = f (xv) Equation (xiv) represents either the rate of coincidences between a small counter and a big counter, or alternatively it represents the rate of coincidences between an unshielded counter and an equally large shielded counter. We see from (xv) th a t the effect of the small counter is equivalent to lowering the exponent of the spectrum by one. The spectrum with the lowered exponent contains, however, still infinite numbers of low densities; hence the rate of coincidences, in spite of the presence of the small counter, is sensitive to the size of the large counter. In other words, a single small counter does not 'cut off' the spectrum at a certain density 1 but merely modifies the effective spectrum.
As a second example we consider triple coincidences between two small counters and one large counter. We have
The dominant term in (xv) is th at containing In fact, neglecting terms in / 2, we find O /*00 Jr* Q /*O0 | J n ( l -e -/^( l -e -^)^l -6 5 7 > / ' * = | J o (xvii)
Thus the triple coincidence rate is only slightly affected by the size F of the large counter. The two small counters in coincidence thus do give rise to an effective 'cut-off' of the low-density spectrum. Approximations better than (xiii) can be obtained by writing down the full expression representing the right-hand integral (xiii) and by developing in powers of a. We introduce for simplicity the following notation:
We find as the result of a simple calculation
The above formula was used in the text for the evaluation of ( E)0 and (P, S)0 in powers of kU.
We estimate the magnitude of the paraffin transition effect as expected in terms of hypothesis B2. We intend to show th at the effect thus estimated is incompatible with the observed effect.
We assume, for the sake of argument, that the penetrating groups are produced by an equal mixture of protons and neutrons. Further, we assume k = 1/50. We write (3 for the probability that a penetrating group, once produced, also discharges the trays m and b (see equ. (15)). Similarly, we write /?' for the probability th at a penetrating group once produced also discharges the three trays t, m and 6.
As the result of a straightforward calculation we thus find the calculated values quoted in the table below: 
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The small value of the ratio /?'//? suggests th at most of the penetrating groups contain only a few particles. Coincidences under paraffin. The coincidences (P, E)0 are due either to one proton and at least two electrons falling on P, or are due to a neutron and at least three electrons falling on P. As the electrons are expected to traverse 28 cm. of paraffin without incident the groups capable of producing coincidences without T will also be capable of producing coincidences in the presence of 28cm. of paraffin. Some of the nucleons falling on Tw ill be absorbed g groups of at least two particles. We expect thus the following three types of events giving rise to additional coincidences in the presence of (1) A single nucleon falling on T and giving rise to a penetrating group. The probability for this group, if produced, to be recorded is /?'. (2) A nucleon accompanied by one electron. If the nucleon is absorbed in T, at least three particles emerge out of T, and we estimate th at the probability of such a group being recorded is (3) A neutron accompanied by two electrons. If the neutron is absorbed a group capable of discharging P results. The probability of the group discharging P is ft.
The rates of coincidences arising from the above three processes are proportional to p, the probability th at a nucleon falling on T is absorbed in T. From previous work we may assume th at 28 cm. of paraffin is equivalent to 0-4 of the mean free path of a fast nucleon and hence p = 1 -e-0'4 = 0-33.
W ith help of (I) and (II) the rates of coincidences corresponding to the three processes (1), (2) and (3) can be calculated. As the result of a straightforward calculation we find 
We see th at the effect calculated in terms of hypothesis B2 is too large to be compatible with the observed rates. The absence of the paraffin transition effect can thus be taken as evidence against the validity of hypothesis B2. 
